For Hilbert space operators S, X, and T, (S, X, T) ∈ FP means Fuglede-Putnam theorem holds for triplet (S, X, T), that is, SX = XT ensures S * X = XT * . Similarly, (S, T) ∈ FP means (S, X, T) ∈ FP holds for each operator X. This paper is devoted to the study of 
Introduction
Let H and K be complex Hilbert spaces, and let B(H) and B(H, K) be the set of all bounded linear operators on H and the set of all bounded linear operators from H to K, respectively. )), and so on. See [1, 2, 11-13, 15, 18] . Among others, Tanahashi, Patel, and Uchiyama [15] proved three kinds of FugledePutnam type theorems with kernel conditions as follows.
(I) Fuglede-Putnam type theorems with restrictions on ker S or ker T * . (2) If ker S ⊆ ker S * and ker T * ⊆ ker T, then (S, T) ∈ FP.
Theorem 1.3 ([15
It is known that every dominant operator has a reducing kernel, so the condition ker T * ⊆ ker T in (2) of the above theorem in the case when T * is dominant holds.
(II) Fuglede-Putnam type theorems with restrictions on ker X or ker X * .
Theorem 1.4 ([12, 15])
The following assertions hold.
(
1) Let S be (p, k)-quasihyponormal and T be normal. If X has a dense range, then (S, X, T) ∈ FP and S is normal. (2) Let S be p-hyponormal and T * be (p, k)-quasihyponormal. If ker X = {0}, then (S, X, T) ∈ FP and T is normal.
(III) Fuglede-Putnam type theorems with restrictions on ker S, ker S * , and ker X * .
Theorem 1.5 ([15]) Let S and T
In this paper, we shall show extensions of Theorems 1.3-1.5 via the following classes of operators based on hyponormal operators.
FP(N) := S|(S, T)
∈ FP holds for each normal operator T * .
FP(H) := S|(S, T)
∈ FP holds for each hyponormal operator T * .
FP(p-H) := S|(S, T)
∈ FP holds for each p-hyponormal operator T * .
It is clear that FP(N) ⊇ FP(H) ⊇ FP(p-H).
A part of an operator is its restriction to a closed invariant subspace. A class of operators is called hereditary if each part of an operator in the class also belongs to the class. Remark 1.6 It is well known that the class FP(p-H) includes many classes of operators, such as dominant operators [11] [12] [13] 18] , (p, k)-quasihyponormal operators with reducing kernels [15, 17] , and w-hyponormal operators with reducing kernels [1] . Moreover, it is known that the classes above also belong to the class of hereditary FP(H) (denote this class by HFP(H)), that is, every restriction of an operator to its closed invariant subspace also belongs to the class. See [1, 7, 13, 16, 18] 
It is obvious that the property R 1 can be regarded as the case k = 0 of R 2 . An operator T ∈ R i means T has the property R i , i = 1, 2, 3, 4. It is known that, for each i ∈ {1, 2, 3},
There exists an operator T such that T ∈ R 3 and T / ∈ R 2 (Example 5.3(4)).
Lemma 2.1
Lemma 2.1 is a generalization of [15, Lemma 2.2].
Proof (1) Let M be a nontrivial closed invariant subspace of T, T =
= T| M be normal, and P = P M be a projection. Since (2) The assertion follows by Remark 1.6.
By Hansen's inequality and Loewner-Heinz' inequality [5] , [4, p.127],
, where A is an operator and B is a positive semidefinite operator.
, again, by Hansen's inequality and Loewner-Heinz's inequality,
, where * means some elements of the matrix. 
Lemma 2.2 ([9]) Let s > 0, t > 0, T ∈ A(s, t). If T(s, t) is quasinormal (normal), then T is quasinormal (normal).

Lemma 2.3 ([6, 19]) If T is p-hyponormal and α
= min{p + s, p + t, s + t}, then T(s, t) * T(s, t) α s+t ≥ T(s, t)T(s, t) * α s+t .
Lemma 2.4 HFP(H) = HFP(p-H). Proof It is sufficient to prove HFP(H) ⊆ HFP(p-H).
Let T * ∈ HFP(H), S be p-hyponormal and SX = XT . Decompose S, T, X into
Then
Since S, T * ∈ R 1 by Lemma 2.1 and X 11 is quasiaffine, it is sufficient to prove (S 11 , T 11 ) ∈ FP. By the assumption, S 11 is p-hyponormal and T * 
∈ FP(H
is normal. The assertion "X 11 is quasiaffine" implies that ))| [R(|S 11 |)] ⊕ 0 is normal, S 11 is normal and (S 11 , T 11 ) ∈ FP for T *
∈ FP(H).
Lemma 2.5 Let C 1 , C 2 be two classes of operators with heredity. The following assertions (1)-(2) are equivalent to each other, (1) ensures (4) and (3) ensures (4).
(1) If S ∈ C 1 with ker S = {0} and T * ∈ C 2 , then (S, T) ∈ FP.
(2) If S ∈ C 2 and T * ∈ C 1 with ker T * = {0}, then (S, T) ∈ FP.
(3) If S ∈ C 1 and T * ∈ C 2 with ker T * = {0}, then (S, T) ∈ FP.
(4) If S ∈ C 1 with ker S ⊆ ker S * and T * ∈ C 2 with ker T * ⊆ ker T, then (S, T) ∈ FP.
Proof Since
By (5), it is sufficient to prove (1) ⇒ (4) and (3) ⇒ (4).
(1) ⇒ (4) Let ker S ⊆ ker S * and ker T * ⊆ ker T. Decompose S, T, X into
Then ker S 11 = {0} = ker T * 11 ,
By heredity and (1), (S 11 , T 11 ) ∈ FP. Since ker S 11 = {0} = ker T * 11 , the assertion S 11 X 12 = 0 = X 21 T 11 implies X 12 = 0 = X 21 . So that (S, T) ∈ FP.
(3) ⇒ (4) The assertion holds in a similar manner to (1) ⇒ (4).
Lemma 2.6 Let C be a class of operators with heredity. The following assertion (1) ensures (2).
(1) If S ∈ C with ker S = {0} and T * ∈ FP(N), then (S, T) ∈ FP.
(2) If S ∈ C with ker S ⊆ ker S * and T * ∈ FP(N), then (S, T) ∈ FP.
Proof The proof is similar to the proof of [8, Theorem 7] . Let ker S ⊆ ker S * . Decompose S, X into S = S n ⊕ S p on H = H 1 ⊕ H 2 where S n and S p are normal part and pure part of S, respectively,
Then ker S p = {0},
Since T * ∈ FP(N), (S n , T) ∈ FP follows. By ker S p = {0} and (1), (S p , T) ∈ FP and (S, T) ∈
FP.
3 Extensions of Theorem 1.3 
Theorem 3.1 Let S be (p, k)-quasihyponormal and T
* be (p, k)-quasihyponormal, or dom- inant, or w-hyponormal. (1) If ker T * = {0}, then (S, T) ∈ FP. (2) If T * is (p, k)-quasihyponormal, ker S ⊆ ker S * , and ker T * ⊆ ker T, then (S, T) ∈ FP. (3) If T * is dominant and ker S ⊆ ker S * , then (S, T) ∈ FP. (4) If T * is w-hyponormal, ker S ⊆ ker S * , and ker T * ⊆ ker T, then (S, T) ∈ FP.on [T k H] ⊕ ker T * k , then T 11 is p-hyponormal, T k 22 = 0, and σ (T) = σ (T 11 ) ∪ {0}. (2) Each restriction T| M of T to its invariant subspace M is also (p, k)-quasihyponormal.
Lemma 3.3 Let S be (p, k)-quasihyponormal and T * ∈ HFP(H).
Proof By Lemma 2.1(1), every FP(N) operator has a reducing kernel. Thus, by Lemma 2.5, we only need to prove (1). Let SX = XT . As in the proof of Lemma 2.4, (2)- (4) hold. By ker T * = {0} and Lemma 3.2(2),
thus S 11 is p-hyponormal follows by Lemma 3.2(1). Hence (S 11 , T 11 ) ∈ FP by T * 11 ∈ HFP(H) and Lemma 2.4. So S 11 is normal and injective. Lemma 2.1(3) ensures S 12 = 0. Since X 11 is quasiaffine, by Theorem 1.2 and Lemma 2.1(1), T 11 is normal and T 21 = 0 hold. So that the assertion holds by (4) . 
Lemma 4.2 The following assertions hold and (1) is equivalent to (2).
and T is normal.
Proof According to (5) , it is sufficient to prove (1). Decompose S, T, X into
Since X has a dense range, 
Since S 11 is (p, k)-quasihyponormal, T * 11 ∈ HFP(H) and ker T * 11 = {0}, (S 11 , T 11 ) ∈ FP by Lemma 3.3. So S 11 = S 11 | [R(X 11 )] is normal, ker S * 11 = {0} follows by S 11 X 11 = X 11 T 11 and ker X * 11 = ker T * 11 = {0}. Then S 12 = 0 holds by Lemma 2.1(3). Equation (11) Proof By (5), it is sufficient to prove (1). Decompose S, T, X into
∈ B R X * ⊕ ker X , X = X 11 0 X 21 0 ∈ B R X * ⊕ ker X, S k H ⊕ ker S * k .
The condition ker S * k ⊆ ker X * implies that R(X) ⊆ [S k H], X 21 = 0 and ker X 11 = {0}. Thus SX = XT ⇐⇒ S 11 X 11 0 0 0 = X 11 T 11 0 0 0 ⇐⇒ S 11 X 11 = X 11 T 11 ,
S * X = XT * ⇐⇒ (S 11 ) * X 11 = X 11 (T 11 ) * , (S 12 ) * X 11 = X 11 (T 21 ) * = 0.
